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I. INTRODUCTION 
The second author [3] introduced a special type of algebra which is a 
generalization of the classical Clifford algebras, and investigated some 
properties of these algebras. Namely, Q being a quadratic form defined on a 
vector space V over a field k, the (r, v)-Clifford algebra C,,,(Q, V) is the 
factor algebra of the tensor algebra T(V) of V by the ideal generated by the 
elements 
[g a,g"-'(~)r~~]~, (XE V), 
i=O 
where 
is a manic irreducible polynomial in R[,$ with a,,+, # 0. If  in particular 
v(e) = 5 - 1, then the corresponding algebra is called an r-Clifford algebra 
and denoted by C,(Q, V). In [3], it was shown that any r-Clifford algebra 
C,(Q, V) is isomorphic, as a vector space, to the special r-Clifford algebra 
C,(O, V) which may be called an r-exterior algebra. Furthermore, the 
dimension of r-Clifford algebras over a finite field k with 4 elements was 
considered, and shown that if dim, V > 2 and Y  > & + 1)/2, then C,(Q, V) 
is of infinite dimension. It was conjectured that C,(Q, V) is infinite 
dimensional whenever dim, V > 2 and Y  > 1 for an arbitrary field k. 
The purpose of this paper is to give a partial answer to this question. 
* This work was done at the Research Unit for Pure Mathematics of the Scientific 
and Technical Research Council of Turkey in association with Middle East Technical 
University, Ankara. 
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2. LEMMATA 
LEMMA 1 (Golod-Shafarevitch-Vinberg). Let T = k[x, ,..., NJ be the 
polynomial ring in the d noncommuting variables x1 ,..., xd , and I =. ( fi , fi ,...) 
be the two-sided ideal of T generated by the polynomials fi , f2 ,... of degree 
2’ (“‘, * n, < n2 , respectively. Furthermore, let ri be the number of nj’s 
which are equal to i. Then the factor algebra C = T/I is infinite dimensional 
over k zf the formal power series (1 - t)( 1 - dt + Cy=, riti)-l has nonnegative 
coejicients. If fi , fL ,... are all homogeneous polynomials, T/I is inJinite 
dimensional even if (1 - dt + CT=, r&l has nonnegative coeficients. 
We derive a lemma from this lemma which applies to our problem. 
LEMMA 1. Let d >, 2 and I be an ideal of T = k[x, ,..., xd] generated by 
a Jinite number s of homogeneous polynomials of the same degree n > 2, and 
assume that s < d”(n - I)n-l/nn, then T/I is infinite dimensional. 
Proof. We shall show that the coefficients of the formal power series 
l/(1 - dt + st”) form an increasing sequence with ck > [d(n - 1)/n] clcpl . 
Computation yields 
co = 1, cl = d, c2 = d2,..., c,pl = dn-l 
and the recurrence formula 
CW” = dc,+,-l - SC, , v  = 0, I,... . 
As is seen, the inequality above is trivial for k = 0, l,..., n - 1, and, by 
induction, the inequality 
Cn+v > i d - s dn-'(;n' 1>,-1 L-1 
completes the proof. 
LEMMA 2. Let V be a d-dimensional vector space over an infinite field, 
and let {x1 , x2 ,..., xd} be a basis for V. Then the ideal I(V) of the tensor algebra 
T(V) of Vgenerated by {xn 1 x E V, n$xed integer} is generated by the polynomials 
GPlP2 .** tie which are the sums of monomials involving xi’s in pi-times with 
Pl + Pz + ... + I*.~ = n. 
Proof. Since 
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we only need to show that G’s are in I. Since k has n + 1 nonzero distinct 
elements, 
implies that every sum in this expression is in I(V), and repeated application 
of the same process shows that G’s are contained in I(V). 
Note that the lemma is valid even k has at least n + 1 elements. 
3. THEOREMS 
THEOREM 1. If V is a vector space over any field k, of dimension d and I(V) 
an ideal of T(V) as in Lemma 2, then T( V)/I( V) is infinite-dimensional provided 
( n+d-1 d-l 1 ~ d”(n - 1),-l nn ’ 
Proof. Let E denote the algebraic closure of k. Setting Y = 6 Ok V, 
C(v) = T( r)/I( v), C(V) = T( V)/I( V), C(V) = h Ok C(V), we see that 
there is a natural homomorphism of C(V) onto C(r) and therefore since 
dim, C(V) = dim, C(V), it suffices to prove that C(v) is of infinite 
dimension. By Lemma 2, I(v) is generated by (“if;‘) polynomials GpI . . . pd ; 
hence by Lemma 1 C(v) is infinite-dimensional. 
COROLLARY. Notations being as before, T(V)/I(V) is infinite-dimensional 
in the following cases: 
(i) d > 2, n > 8; 
(ii) d > 3, n > 6; 
(iii) d > 5, n > 5; 
(iv) d > 6, n > 4. 
THEOREM 2. Let Y > 0 be a Jixed integer, 
rp(t) = 2 ai5” 
kl 
a manic irreducible polynomial in k[[] with a,,,-, # 0, and let 01~ , o~z ,..., (yp 
be its roots in the algebraic closure k of k with multiplicity e, , e2 ,.. . , ep , 
respectively. Then C,,,(Q, V) is infinite dimensional if maxi,l,...,o {yei} > 4, 
for ev~y vector space V of dimension greater than 1. 
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Proof. As in the proof of Theorem 1, it suffices to show that the algebra 
C(Y) obtained by replacing V by v  in C,,,(Q, I’) is infinite dimensional. 
Clearly, C(v) is the factor algebra of T(Y) by the ideal I(I/) generated by 
and therefore there is a natural homomorphism from C(V) onto the factor 
algebra of T(V) by the ideal generated by {(x @ x - CL~Q(X))T&~ 1 x E v}. 
Since aiQ(x) is a quadratic form, this algebra is nothing but the re,-Clifford 
$;);; G&Q, V and is isomorphic to the re,-exterior algebra 
xzTei / x E Y). I f  re = Y maxizl ...,,* {ei} 3 4 by the corollary above, 
T( V)/(Pe j x E v), and therefore C,,,(Q, I’), is infinite-dimensional. 
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